Our method will be restricted to differential equations of order 2n which can be written as second order systems of the form (1.1) x" = f (x, t) where xeR n and f is a continuous function from R n x [0, oo) into R n satisfying other conditions to be formulated in §2. Without resolving the question of what scalar equations allow such a representation, it is clear that our considerations will include nonselfadjoint linear fourth order equations (see [5] ), equations of the form (PxV'Ύ = MV, V and similar equations of higher order.
In case (1.1) is linear and (
1.2) x" = A(t)x
where A(t) = (α,, (f)) is a continuous n x n matrix, criteria for the existence of monotone solutions of (1.2) are well known. In particular, by letting w = -'ΛΓ, (1.2) can be written as a first order system of the form
According to Hartman [2; Ch 14, Theorem 2.1] , the condition a iό {t) ^ 0 for 1 <^ i, j <; n, and 0 ^ t < oo assures the existence of a nontrivial solution of (1.3) for which x t (t) Ξ> 0 and #•(£) ^ 0 for 1 ^ i <; n and 0 ^ t < oo # Since x(t) also satisfies (1.2) , these results readily carry over to linear second order systems. Nonlinear problems of the form (1.1) have also been studied by Hartman and Wintner [3] in terms of the related first order systems.
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However their method is based on the assumption that solutions of (1.1) can be extended to the semi-infinite interval [0, oo) , and this requires some restrictions on f(x, t) as | JC | -» ©o. Our methods are essentially different and require no restrictions on the growth of f for large values of x.
For the sake of clarity, the basic ideas are developed in §2 for n -2. In §3 a theorem of Sperner [1] is used to generalize these results to the case n ^ 2, while some applications to scalar equations are discussed in §4.
As a final introductory remark we note that the nonoscillatory equation y" -y = 0, with fundamental solutions e* and e~\ is frequently used to motivate the concept of "principal solution". Here e~~* is singled out, not because it is monotone but because it is in an appropriate sense "smaller" than all other linearly independent solutions. The question therefore arises as to why e~ι should not be characterized as a principal solution of y {ίv) -y = 0 rather than a monotone solution and, more generally, why the distinguished solutions of higher order equations to be considered below should not be called "principal solutions".
Several answers can be given in the context of fourth order equations. First, y {ίv) -y = 0 has both oscillatory and nonoscillatory solutions, while in the second order case principal solutions are defined only for nonoscillatory equations. Accordingly, we do not have "lim^oo e~yy(t) -0 for any linearly independent solution y(t)" whereas such a condition characterizes principal solutions of second order equations. Furthermore, there is an elegant generalization of the scalar theory of principal solutions to disconjugate Hamiltonian systems (see for example [6] ). However, since the equation y {iv) -y = 0 is not 2 -2 disconjugate in any interval [α,oo) , the corresponding Hamiltonian system will also not be disconjugate in such intervals [α, oo) (see for example [5] , Ch 6). It follows that the systems theory of principal solutions does not apply to y + iy = 0 with solutions β~* sin t and e~ι cos t as the motivating example for principal solutions of 2 -2 disconjugate fourth order equations and to avoid this terminology in problems motivated by the equation y {iv)
In considering second order differential systems of the form (2.1)
we shall require f to be sufficiently regular in R 2 x [0, oo) to assure the existence, uniqueness, and stability of solutions of the initial value problem (2.2) x(a)=x a ; x\a) -v a for all a ^ 0 and to assure that solutions of (2.1) can be continued until some component of x(t) becomes unbounded. In most instance we shall consider (2.2) with a -0. The interval of existence of a solution of (2.1) will be denoted by [α, ώ) where we allow ω = oo. Writing v > 0 in case all components of a vector v satisfy v t > 0 and writing v > w in case v -w > 0, we formulate three additional conditions which will be assumed throughout: (A) f(x, ί) > 0 whenever x > 0 and f(0, ί) = 0; (B) /<(*, ί) > 0 whenever x t = 0 and ^ > 0 for all j Φ i; (C) for every initial value (ΛΓ 0 , t 0 ) > 0 and every
By way of example of a large class of systems satisfying these conditions in R 2 , we cite where α, /9, 7, and 3 are nonnegative constants (or nonnegative continuous functions of ί) and the coefficients are continuous functions satisfying
It will be convenient to think of systems such as (2.1) and (2.3) as equations governing the motion of a particle of unit mass in a force field given by f. Conditions (A) and (B) can then be interpreted as requiring that this force field be "repulsive" in the closed first tt-tant, J = {x\x ^ 0}, except at x -0. The role of condition (C) will become apparent in Lemma 2.1 below.
In discussing the initial position and direction of such a particle, we define and Then initial position can be specified by JC 0 or by |JC O | and Θ Q while initial direction is specified by v 0 or by |ι? 0 | and φ 0 . We note that
O u r fir st lemma asserts that for each x 0 in the first w-tant and every initial direction φ 0 < 0 we can choose an initial speed | v 0 | sufficiently large so that the particle must leave ΐ in finite time. It will be useful to let C(t; x Q , \Ό Q \, <p Q ) denote the trajectory determined in R n by the solution x(t) of ( Proof. For sufficiently small t > 0 a solution x(t) of (2.1) satisfies
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and this solution can be continued until some component becomes unbounded. Fixing a finite T > 0, (C) assures the existence of a constant k > 0 such that f(x, t) < k and
as long as 0 ^ x(t) ^ x 0 and 0 ^ t ^ Γ. Recalling that x' t (0) = ko!^i(O) < 0, we choose a sufficiently large so that the n binomialŝ
Since f(x, t) > 0 whenever Λ: > 0, (2.4) implies that solutions of (2.1) satisfying x(0) > 0 and x'(0) = 0 satisfy x(t) > 0 in [0, ω) , their interval of existence. Thus it follows from Lemma 2.1 that to each x 0 > 0 and initial direction <p 0 < 0 there corresponds a "critical speed"
Our objective is to show the existence of a "critical initial position" x c and "critical initial direction" φ c for which C(t; x e , s c (x c , φ c ), <p c ) is a monotone trajectory satisfying x(t) > 0 and x'(t) < 0 as t -> °o. To that end we begin by restricting our attention to the case n = 2 and examine the critical trajectories C(ί; x 0? s c (x 0 , φ 0 ), φ Q ) in i?
2 . The extension to n > 2 will be considered in §3.
For n = 2 we write x(ί) = (i/(ί), «(ί)) and let I denote the open first quadrant in the (y, «)-plane. ( i ) y(t) has minimum at some finite t t > 0, y(t t ) = 0 and z(t) ^ 0 for 0 £ t < ω;
(ii) y(t) I 0 and z(t) -> °o as 11 ω; (iii) z(t) has a minimum at some finite t 2 > 0, z(t 2 ) = 0, and y(t) ^ 0 for 0^t <ω; Trajectories satisfying (i) or (ii) will be called y-critical at t -t x or t = oo, respectively; trajectories satisfying (iii) or (iv) will be called z-critical at t = t 2 or t = oo, respectively; finally, trajectories satisfying (v) will be called monotone.
These categories are not mutually exclusive, since a trajectory can be ^-critical at t = t x and then ^-critical at t -t 2 > t le Such a trajectory will be called doubly critical or, more specifically, (y, ^-critical at (t u t 2 ); trajectories which are (z, τ/)-critical at (t 2 , t t ) are analogously defined when t 2 <t t .
Our next lemma deals with the existence of such doubly critical trajectories. Proof. Let AΓ 0 > 0 be fixed. If φ 0 = (0, -1), so that z'(0) < 0 and y\O) = 0, it follows that y(t) > y(O) > 0 for 0 < t < ω. Therefore for sufficiently small ε > 0 all critical trajectories corresponding to φ ε = -(ε, 1 -ε) must be z-critical and not ^-critical. Analogously, for ε near 1 we have -(ε, 1 -ε) near ( -1, 0) and the corresponding critical trajectories must be ^/-critical and not ^-critical. Consider now Proof. For each ΛΓ 0 > 0 satisfying | x 0 1 = ξ Q we consider a doubly critical or monotone trajectory whose existence is guaranteed by Lemma 2.3. Defining θ ε = (ε, 1 -ε), we note that for sufficiently small ε > 0 these doubly critical trajectories will be (z, τ/)-critical and approaching the initial conditions However, if (2.7) is satisfied we obtain the contradiction that z(t) analogously, if (2.6) is satisfied we cannot have z(t) I 0 and y(t) | and this establishes the theorem.
In the special case of systems of the form (2.3) conditions (2.6) and (2.7) are implied by (2.6 
Therefore we have the following COROLLARY 2.6. // (2.6)' and (2.7)' are satisfied, then every monotone solution of (2.3) satisfies z(t) j 0 and y(t) I 0 as t -> oo, 3* Systems in R n . Our discussion of the case n > 2 parallels that of §2 up to (2.5) where the "critical speed" s c (x Of <p 0 ) is defined. The generalization of Lemma 2.2 is straightforward and leads to the following. (iii) For all j, I S j S n, x d (t) [x 5 as 11 oo, where Π?=i%s = °T rajectories satisfying (i) or (ii) will be called x c oritical at t = t t or t = oo, respectively; trajectories satisfying (iii) will be called monotone. A trajectory which is a^-critical at ί Λl , ^-critical at ti 2 ^ ^ , and x ίfc -critical at t ik ^> t i]c _ x will be called k-multiplecritical or, more specifically, (x h , x H , , x^-critical.
Further progress for the case n > 2 will require a result from combinatorial topology closely related to Sperner's lemma. Proof. Let x o >O be fixed. If for some fixed i,l<,i<^n, 9>i(0) = 0, then x t (t) ^ x t (0) > 0. Thus for 1^(0)1 sufficiently small, the critical trajectory C(ΐ; x 09 s c , φ 0 ) will not be 05,-critical. Now consider the n -1-dimensional simplex whose vertices are denoted by e 19 , e n and whose elements correspond to φ 0 by the relation e = -<p 0 . Also, for a given # 0 > 0, let G 4 denote the set of initial directions, expressed in terms of e, for which the corresponding critical trajectory iŝ -critical or monotone. If we let F t = G i9 then F t is disjoint from «!-e < _ 1 e <+1 β Λ and, by Theorem 3.2, there exists a 9 c (x 0 ) corresponding to a vector e in Π?=i -^t I* follows that C(ί; x 0 , β β> 9>c) is either monotone or else ^-critical for all i, 1 ^ i ^ w.
In order to show the existence of a monotone trajectory we express initial position Proof. Let \x Q \ be fixed. As Θ^O) [ 0, the time required to becomê -critical tends to zero. Therefore if f u , f n denote the vertices of the simplex whose elements correspond to θ 0 by the relation θ 0 = f, then there exists a neighborhood of f f i -1 f i+1 /* in whicĥ -multiple-critical trajectories must be ^-critical before they can become cc r critical for all j Φ i. Let G t denote the set of / for which the special solution, whose existence is guaranteed by Theorem 3.2, is either monotone or else ^-multiple critical with the x t component becoming critical before any other x 3 -. If F € = G\, then the F % again provide a closed covering of f x f 2 f n such that Finally, we note that Theorem 2.5 allows a direct generalization to n > 2. For n -2 a fairly complete answer is given in [5] where it is shown (3.1) corresponds to nonself ad joint equations of the form This transformation enables one to apyly Theorem 2.4 by requiring that the a^it) be continuous and appropriately positive in [0, °o) . it also enables one to apply this theory to several nonlinear versions of (3.3)-e.g., the case where p 0 = p Q (t, x) . While there does not appear to be a general theory of such representations for the case n > 2, it is clear that for p t > 0, i = 0,1, , n, the nonlinear equation The existence of monotone solutions of (3.4) corresponds to solutions of (3.4) which are strictly decreasing together with their second, fourth, •• ,2wth derivatives, while x' 9 x'" 9 •• ,# (2%~1) are increasing. Theorem 3.5 establishes further criteria which assure that x 9 x" 9 •••, x {2n) all tend to zero.
Added in proof.
A different technique for generalizing the results of [3] is contained in Gunnar Aronsson's "On two theorems by Hartman and Winter. An application of the Wazewski retract method" soon to appear in J. Math. Anal, and Appl.
